Abstract. The aim of this paper is to describe some recent results concerning the dynamics of Euler-Lagrange ows on prescribed energy levels. We show that if an Anosov energy level has a splitting of class C 1 then it must contain minimizing measures with non-zero homology.
Introduction
The aim of this paper is to describe some recent results concerning the dynamics of Euler-Lagrange ows on prescribed energy levels. These results have been obtained using variational methods. Throughout this paper the Euler-Lagrange ows the we shall consider are generated by convex and superlinear Lagrangians on closed connected manifolds M.
A very interesting aspect of the dynamics of the Euler-Lagrange ows is given by those orbits or invariant measures that satisfy some global variational properties, instead of the local ones that every orbit satisfy. Research on these special orbits goes back to M. Morse 39] and Hedlund 25] and has reappeared in recent years in the work of V. Bangert 2] , M.J. Dias Carneiro 12], A. Fathi 14, 15] , R. Mañ e 35, 36] and J. Mather 37, 38] . For autonomous systems, like the ones we are considering, these distinguished orbits and measures have the remarkable property of living on certain energy levels related to minimal values of the action. This link was discovered by M.J. Dias Carneiro 12] and later exploited and enhanced by Mañ e in his un nished manuscript 35] . The proofs of the theorems stated in 35] have been given by Gonzalo Contreras, Jorge Delgado and Renato Iturriaga in 9, 10] . A key element in Mañ e's work is what he called the critical value of a Lagrangian, whose meaning and properties shall be explained in Section 2 as well as its relation with Mather's theory. By considering the lift of the Lagrangian to a covering of the manifold it is possible to obtain many di erent critical values. Among them, there are two which are particularly relevant: the critical value c u (L) associated with the universal covering and the critical value c a (L) associated with the abelian covering. It is quite easy to see that c u (L) c a (L), but in general they may be di erent.
Using the machinery developed in Section 2, we shall be able to give various partial answers to the following general question:
Question. What type of dynamics can arise on a prescribed regular energy level?
The \types" of dynamics considered here are those of hyperbolic nature. In Section 3 we shall study regular energy levels on which the Euler-Lagrange ow is Anosov and we shall explain the results obtained in 11, 40, 44, 45] . We nd that the energy of these levels has to be strictly bigger than c u (L) and the levels are free of conjugate points. In Sections 4 and 5 Date: 1997. Partially supported by a CONICYT-Uruguay grant # 301. 1 we continue the study of Anosov energy levels, but we look for those which have regularity properties of the Anosov splitting. We shall say that the Anosov splitting is of class C k if the strong stable and strong unstable bundles are both of class C k . We nd that Anosov energy levels with splitting of class C 1 do not exist for an important class of Lagrangians, namely that given by a Riemannain metric and a non-trivial magnetic eld 46] . We prove in Section 5 a new result that links the existence of Anosov energy levels with C 1 -splitting and the critical value c a (L). More precisely we show: Theorem 1.1. Suppose that M admits a Riemannian metric of negative curvature and suppose that the energy level k of the Lagrangian L is Anosov. If the Anosov splitting of the energy level k is of class C 1 , then k > c a (L). In particular, the energy level has minimizing measures with non-zero homology.
We should mention that there are examples of Anosov energy levels with energy k < c a (L) on surfaces of genus 2 (cf. Section 2 and 44]). These levels do not support minimizing measures and by the theorem, their splitting is never of class C 1 .
Finally in Section 6 we consider regular energy levels on which the Euler-Lagrange ow is expansive and dim M = 2. We classify these levels up to topological equivalence, and we nd that they are also free of conjugate points. 
The answer to this question is negative. In 44] we gave an example of a Lagrangian on a closed surface of genus two for which the inequality becomes strict.
We shall explain now the relationship between the critical values and Mather's theory. We begin by recalling the main concepts introduced by The function is convex and superlinear and the in mum can be shown to be a minimum 37] and the measures at which the minimum is attained are called minimizing measures.
In other words, 2 M(L) is a minimizing measure i (4) and therefore combining (3) and (4) we obtain the remarkable equality c(L ? !) = ( !]); (5) for any closed one-form ! whose cohomology class is !]. 3. Anosov energy levels One of our aims will be the study of Anosov energy levels, that is, regular energy levels with a connected component on which the ow t is an Anosov ow. Let E 0 E s E u denote the Anosov splitting of such energy level, where E 0 denotes the one dimensional subbundle generated by the ow direction and E s;u denote the strong stable and strong unstable bundles respectively. It is well known that the bundles E 0 E s and E 0 E u are Lagrangian subbundles. It is not hard to check that this property implies that the energy level has to project onto the manifold and therefore if k denotes the energy of the level, we must have k > e.
Moreover, it can be proved that the transversality property stated in the theorem implies that there are no conjugate points in the energy level 40 40] are much more general than Theorem 3.1. We showed that if on the given energy level there exists a continuous invariant Lagrangian subbundle, then it must be transverse to the vertical bundle; from this result the theorem clearly follows. We shall give now a sketch of a proof of Theorem 3.1 based on a result of J.F. Plante 50] . But rst we need some remarks and a lemma. and hence t preserves the volume form . Let denote the smooth invariant probability measure induced by . Observe that in general there may exist many invariant volume forms on and therefore many smooth invariant probability measures. However, if the energy level is Anosov, there is only one smooth probability measure and we shall call it the Liouville measure and it will be denoted by l . We can associate to the measure an asymptotic cycle (cf. 51]) which is the element of H 1 ( ; R) de ned by This contradiction completes the proof of the theorem.
We note that from Lemma 3.2 (which rules out the case of a suspension) and results in 49] it follows that the Euler-Lagrange ow restricted to an Anosov energy level must be topologically mixing and that the strong stable and strong unstable manifolds must be dense in the energy level.
Motivated by our results, Mañ e posed us the following question, Question. If the energy level k is Anosov, is it true that k > c 0 (L)?
In 44] we gave a negative answer to this question, however in 11] we showed, Clearly for high values of the energy, the Euler-Lagrange ow of L is a reparametrization of the geodesic ow of the Riemannian metric jj jj. If the geodesic ow is Anosov then we can consider as before a number E that is given by the smallest possible value of the energy such that for all k > E the energy level k is Anosov and we also have that E c u (L).
We shall prove next several important properties of Anosov energy levels similar to those of geodesic ows. We shall need these properties for the proof of Theorem 1.1. Suppose that the energy level k is Anosov and set def = E ?1 (k). Observe rst that we could rephrase well known that the geodesic ow of a negatively curved manifold has the properties stated in the two lemmas. Using the orbit equivalence between the ows we immediately obtain the same properties for the Euler-Lagrange ow in the level k, thus proving the lemmas.
In 6], P. Boyland and C. Gol e proved that under certain hypotheses on the Lagrangian there are minimizers (in the universal covering) which are quasi-geodesics and using them they show the existence of a collection of compact invariant sets of the Euler-Lagrange ow that are semiconjugate to the geodesic ow of an underlying hyperbolic metric. This ow models the motion of a particle of unit mass and charge under the e ect of a magnetic eld, whose Lorentz force Y : TM ! TM is the bundle map uniquely determined by:
x (u; v) = hY x (u); vi ; for all u and v in T x M and all x 2 M. Observe that t preserves all the energy levels H = const, in particular SM def = H ?1 (1=2). From now on let us consider the restriction of t to SM.
Various properties of these ows were studied in 42, 43] . For example, we showed that if we start with an Anosov geodesic ow 0 t and we increase the value of we must exit the set of Anosov ows for some critical value c < 1 and that the topological entropy presents a strict global maximum at = 0 when restricted to (? c ; c ). For twisted geodesic ows assuming C 1 regularity already implies rigidity provided that is an exact form:
Theorem 4.1. Let M be a closed Riemannian manifold whose geodesic ow is Anosov.
Suppose is exact. Then E s and E u are never both of class C 1 unless = 0.
If the cohomology class of is not trivial, the theorem is no longer true as it can be easily seen by looking at the case of a surface of constant negative curvature and the area form. More generally consider a compact locally symmetric space of non-constant negative As we explained in Section 3, the three cases may indeed occur as long as we do not make any smoothness assumption on the bundles E s and E u . Each case gives rise to di erent variational properties that allow us to prove the theorem. In fact one shows that if E s and E u are both of class C 1 then the last two cases cannot occur and that in the rst case we must have = 0. In the next section we shall use similar ideas to prove Theorem 1.1. Using Stokes theorem we have:
But the last integral is positive because of our choice of orientation.
Let denote the one-form that vanishes on E s E u and takes the value one on the vector eld X. If the splitting is of class C 1 then is also of class C 1 Then ' is a smooth closed one-form on E ?1 (k). Using Lemma 5.1 we obtain
Integrating the last equality with respect to the Liouville measure l of E ?1 (k) and using that the asymptotic cycle of l vanishes (cf. Lemma 3.2) we have
Lemma 5.2 implies that > 0. It follows from the Gysin exact sequence for sphere bundles that if k > e then the map
is an isomorphism, provided that M is not di eomorphic to a 2-torus. Therefore there exist a closed smooth one-form in M and a smooth function f : E ?1 (k) ! R such that ' = + df; and hence equation (7) together with the fact that d (x;v) (X(x; v)) = v gives x (v) + df(X)(x; v) = 1 ? (L(x; v) + k): (8) Let be any invariant measure whose support is contained in E ?1 (k) and whose homology ( ) vanishes. If we integrate the last equality with respect to we obtain:
We want to show that if the splitting is C 1 in the energy level E ?1 (k), then k > c 0 (L). We shall see that if we suppose k c 0 (L) we shall obtain a contradiction to inequality (9) . k = c 0 (L).
Take a minimizing measure such that ( ) = 0. It satis es
The result of M.J. Dias Carneiro explained in Section 2 assures that the support of is contained in the energy level ? (0) = c 0 (L) = k and therefore
But this contradicts inequality (9) and hence the case k = c 0 (L) cannot occur if the splitting is of class C 1 .
k < c 0 (L).
In this case the contradiction to inequality (9) is an immediate consequence of the following proposition which has independent interest. Recall that by Theorem 3. 
Since the solutions have energy k, there exists a constant a such that jj _ x n (t)jj < a for all n and all t. Therefore d(y; y n ) aT n :
It follows that T n ! 1. Let n denote the probability measure in TM uniformly distributed along p x n j 0;Tn] and let denote a point of accumulation of n . Since all the x n have energy k, the support of is contained in the energy level k. Equality (11) (v) . Choose an open dense t -invariant set U E ?1 (k) on which Q is a continuous subbundle of E s . Now the key step is Lemma 4.3 in 23] which shows that Qj U is an integrable subbundle (here one uses that the splitting is C 1 ). Using the holonomy transport along the weak unstable foliation (one also needs here the splitting to be C 1 ) we can construct as in 23, Lemma 3.4] a C 0 -foliation on the energy level k of the universal covering of M. This C 0 -foliation descends to the space of leaves F u and induces a C 0 -foliation, which by construction, is invariant under the induced action of 1 (M) on F u . By Lemma 3.6 an element of 1 (M) has a dynamics of type \North-South" on the sphere F u . By a result of P. Foulon 20] k > e; the energy level is free of conjugate points; on the energy level, the Euler-Lagrange ow is topologically conjugate to the geodesic ow of a metric of constant negative curvature. Recall that a manifold is said to be aspherical if its universal covering is contractible. We need the following lemma. Lemma 6.2. If k < e, the connected components of energy level E ?1 (k) are not aspherical.
Proof : Let be a connected component of E ?1 (k). If k < e then, ( ) is a smooth compact surface with boundary and the boundary is a nite union of circles, let us say k. Let M denote the closed surface obtained from ( ) by glueing disks to the boundary circles. Note that we can still regard as a smooth hypersurface in TM . Let f M denote the universal covering of M with covering projection p. Let~ denote the lift of to T f M via dp. Since~ is a covering of it su ces to show that is not aspherical. M. There will be at least two circles unless M is a sphere and k = 1. In this case it is very easy to check that~ is a 3-sphere which is certainly not aspherical. Therefore let C 1 and C 2 denote two distinct circles in the boundary of (~ ). The sets ? i def = ?1 (C i ) \~ for i = 1; 2 are smooth embedded circles in~ . Let : 0; 1] ! (~ ) denote a simple curve such that (0) 2 C 1 and (1) 2 C 2 and (t) 6 2 C 1 C 2 for t 2 (0; 1). The set Q def = ?1 ( ( 0; 1])) \~ is an embedded two-sphere in~ and it is quite simple to check that the intersection number of Q with ? 1 or ? 2 is 1.
Therefore Q is not homotopic to a point in~ and therefore 2 (~ ) 6 = f0g showing that~ is not aspherical.
Let us describe some important facts about expansive ows. Let W be a closed oriented 3-manifold endowed with a Riemannian metric. Let t : W ! W be a smooth expansive ow with associated vector eld X. Let us suppose that X(x) 6 = 0 for all x 2 W. De ne H " (x) = fexp x v : jjvjj < " and hX(x); vi = 0g:
For " > 0 small enough, H " (x) is a family of transverse local sections to the ow. It is easy to see that t is expansive if there exists 0 < < " such that if there is a continuous increasing surjective function x;y : 0; 1) ! 0; 1), x;y (0) = 0 for which t (y) 2 H ( x;y (t) (x)); for all t 2 R, then x = y.
For < de ne the stable sets S (x) as S (x) = fy 2 H (x) : t (y) 2 H ( x;y (t) (x)) for t 0 and for some continuous increasing surjective function x;y : 0; 1) ! 0; 1), x;y (0) = 0g: We are now ready for the proof of Theorem 6.1. Inaba and Matsumoto showed 29] that a closed 3-manifold that supports a non-singular expansive ow must be aspherical.
Therefore by Lemma 6.2 we must have that k > e (note that e is not a regular value of the energy). When k > e, the energy level def = E ?1 (k) is a circle bundle over M and by a result of Brunella 7] t j is topologically conjugate to the geodesic ow of a metric on M of constant negative curvature. It follows then, that there are no singular points and that the stable sets give rise to a continous foliation on . Hence we can attach to each continuous closed curve : S 1 ! a Maslov type index m( ) just as it was done in 47] for the geodesic ow case. This index de nes an integer cohomology class and it is roughly the winding number of the stable foliation around . As a consequence of the convexity we have the following two basic properties which are proved very much in the same way as in 47] for the geodesic ow:
M of constant negative curvature, the closure of the set of primitive closed orbits of t in H 1 ( ; R) is the closure of a convex open set containing the origin in its interior, since the same property holds for the geodesic ow of a compact negatively curved manifold. Thus if : H 1 ( ; R) ! R is any non-trivial cohomology class, there exists a closed orbit of t so that ( ) < 0.
Suppose now that the level has conjugate points. Since the closed orbits of t are dense we can nd a closed orbit that possesses conjugate points and hence positive index.
Therefore the cohomology class m is non-trivial and has the property that if is any closed orbit of t , then m( ) 0. This contradiction completes the proof of the theorem.
